The decay rates of QQ mesons (Q ε c, b) are studied in the NRQCD formalism in terms of their short distance and long distance coefficients. The long distance coefficients are obtained through phenomenological potential model description of the mesons. The model parameters that reproduces the mass spectrum of the cc, bb and cb mesons are employed to study the decay widths of these mesons. We extract the mass spectrum as well as the reproduces the respective radial wave functions from the different potential models as well as from non-relativistic phenomenological quark antiquark potential of the type V (r) = − αc r + Ar ν , with ν varying from 0.5 to 2. The spin hyperfine and spin-orbit interactions are employed to obtain the masses of the pseudoscalar and vector mesons. The decay constants with QCD corrections are computed in this model as well as in the case of other potential models for comparison. The digamma and dileptonic decays of cc, and bb mesons are investigated using some of the known potential models without and with radiative corrections up to the lowest order. These decay width are also computed within the NRQCD formalism up to O(v 4 ) by making uses of the respective spectroscopic parameters of the models. Our theoretical predictions of the decays of the cc, and bb mesons and the results obtained from some of the other potential schemes are compared with the experimental values. The partial widths and life time of the B c meson are also computed using the model parameters and are found to be in good accordance with the experimental values.
Introduction
Recently, there have been renewed interest in the spectroscopy of the heavy flavoured hadrons due to number of experimental facilities (CLEO, DELPHI, Belle, BaBar, LHCb etc) which have been continuously providing and expected to provide more accurate and new informations about the hadrons from low flavour to heavy flavour sector [1, 2] .
The heavy flavour mesons are those in which at least one of the quark or antiquark or both the quark and antiquark belong to heavy flavour sector; particularly the charm or beauty. They are represented by QQ mesonic systems which include the quarkonia (cc and bb) and B c (bc or cb) mesons. The investigation of the properties of these mesons gives very important insight into heavy quark dynamics. Heavy quarkonia have a rich spectroscopy with many narrow states lying under the threshold of open flavour production [3, 4] .
The success of theoretical model predictions with experiments can provide important information about the quark-antiquark interactions. Such information is of great interest, as it is not possible to obtain the QQ potential starting from the basic principle of the quantum chromodynamics (QCD) at the hadronic scale. In this scale it is necessary to account for non-perturbative effects connected with complicated structure of QCD vacuum. All this lead to a theoretical uncertainty in the QQ potential at large and intermediate distances. It is just in this region of large and intermediate distances that most of the basic hadron resonances are formed. Among many theoretical attempts or approaches to explain the hadron properties based on its quark structure very few were successful in predicting the hadronic properties starting from mass spectra to decay widths. For the mass predictions, the nonrelativistic potential models with Buchmüller and Tye [5] , Martin [6, 7, 8] , Log [9, 10] , Cornell [11] etc., were successful at the heavy flavour sectors while the Bethe-Salpeter approach under harmonic confinement [12] was successful at low flavour sector. There exist relativistic approaches for the study of the different hadronic properties [13, 14] . The non-relativistic potential model has been successful for ψ and Υ families, while the relativistic approaches yield better results in the lighter sector. Some potential models have also predicted the masses and various decays of the heavy-heavy mesons which are in fair agreement with the experimental results [15, 16, 17, 18, 19, 20, 21, 22, 23, 24] . A comprehensive review of developments in heavy quarkonium physics is available in ref [25] .
The new role of the heavy flavour studies as the testing ground for the non-perturbative aspects of QCD, demands extension of earlier phenomenological potential model studies on quarkonium masses to their predictions of decay widths with the non-perturbative approaches like NRQCD.
The decay rates of the heavy-quarkonium states into photons and pairs of leptons are among the earliest applications of perturbative quantum chromodynamics (QCD) [26, 27] . In these analysis, it was assumed that the decay rates of the meson factored into a short-distance part that is related to the annihilation rate of the heavy quark and antiquark, and long-distance factor containing all nonperturbative effects of the QCD. The short-distance factor calculated in terms of the running coupling constant α s (m Q ) of QCD, evaluated at the scale of the heavy-quark mass m Q , while the long-distance factor was expressed in terms of the meson's nonrelativistic wave function, or its derivatives, evaluated at origin. In case of S-wave decays [28, 31, 29, 30] and in case of Pwave decays into photons [32] , the factorization assumption was supported by explicit calculations at next-to-leading order in α s . However, no general argument advanced for its validity in higher orders of perturbation theory. These divergence cast a shadow over applications of perturbative QCD to the calculation of annihilation rates of the heavy quarkonium states.
In this context, an elegant effort was provided by the NRQCD formalism [33] . It consists of a nonrelativistic Schrodinger field theory for the heavy quark and antiquark that is coupled to the usual relativistic field theory for light quarks and gluons. NRQCD not only organize calculation of all orders in α s , but also elaborate systematically the relativistic corrections to the conventional formula. Furthermore, it also provides nonperturbative definitions of the long-distance factors in terms of matrix elements of NRQCD, making it possible to evaluate them in the numerical lattice calculations. Analyzing S-wave decays within this frame work, it recover, at leading order in v 2 , standard factorization formulae, which contain a single nonperturbative parameter. At next to leading order in v 2 , the decay rates satisfy a more general factorization formula, which contain two additional independent nonperturbative matrix elements related to their radial wave functions.
Our attempt in this paper would be then to study the heavy-heavy flavour mesons in the charm and beauty sector in a general frame work of the potential models. The model parameters used for the predictions of the masses and their radial wave functions would be used for the study of their decay properties using NRQCD formalism.
For completion, we present a detail analysis of mass spectra of cc, cb and bb mesons in the potential scheme of coulomb plus power potential (CP P ν ) with the power index (ν), varying from 0.5 to 2. Spin hyperfine and spin orbit interactions are introduced to get the S-wave and P-wave masses of the pseudoscalar and vector mesons. We present details of the non-relativistic treatment of the heavy quarks along with the computed results in section-2. The decay constants f P,V of these mesons incorporating QCD corrections up to O(α s ) are presented in section-3. The weak decay of the B c meson and its life time is computed in section-4, while in section-5 we present the details of the computations of the di-gamma decays of pseudoscalar states and the leptonic decay widths of the vector states of the cc and bb quarkonia in the frame work of the NRQCD formalism as well as other treatments incorporating different correction terms to the respective decay widths. Though the NRQCD formalism takes advantage of the fact that heavy quark mass is much larger than the other energy scales such as the binding energy scale, Λ QCD and | − → p |, the energy fluctuations of the heavy quarks of the order of the light energy scale are implemented in pNRQCD [34, 35, 36] . A comprehensive comparison of the results are presented in this section. Finally we draw our conclusions in section-6 of this paper.
Nonrelativistic Treatment for QQ systems
Even though there are attempts based on the relativistic theory like the light front approach for the study of the heavy flavoured quarks, under non-relativistic approximations, they reproduces the results of the non-relativistic quark-potential models [37] . In the center of mass frame of the heavy quark-antiquark system, the momenta of quark and antiquark are dominated by their rest mass m Q,Q ≫ Λ QCD ∼ | p |, which constitutes the basis of the non-relativistic treatment. In NRQCD, the velocity of heavy quark is chosen as the expansion parameter [38] .
Hence, for the study of heavy-heavy bound state systems such as cc, cb, bb, we consider a nonrelativistic Hamiltonian given by [21, 22, 23] 
where
m Q and mQ are the mass parameters of quark and antiquark respectively, p is the relative momentum of each quark and V (r) is the quark antiquark potential. Though linear plus coulomb potential is a successful well studied non-relativistic model for heavy flavour sector, their predictions for decay widths are not satisfactory owing to the improper value of the radial wave function at the origin compared to other models [22] . Recently, we have considered a general power potential with colour coulomb term of the form
as the static quark-antiquark interaction potential (CP P ν ). Here, for the study of mesons, α c = 4 3 α s , α s being the strong running coupling constant, A is the potential parameter and ν is a general power, such that the choice, ν = 1 corresponds to the coulomb plus linear potential. This potential belong to the special choices of the generality of the potentials, V (r) = −Cr α + Dr β + V 0 [39, 40, 41] with V 0 = 0 α = −1, β = ν. Choices of the power index in the range 0.5 ≤ ν ≤ 2.0 have been explored for the present study. The different choices of ν here, correspond to different potential forms. Thus, the potential parameter A can also be different numerically and dimensionally for each choices of ν. The properties of the light-heavy flavour mesons have been calculated using the Gaussian trial wave function [21] . Masses and decay constant of the light-heavy systems are found to be in agreement with the experimental results for the choice of ν ≈ 0.5. However, in the case of heavy-heavy systems the predictions of the masses were satisfactory but the decay constants and decay rates were not predicted satisfactorily [22] . Hence for the present study of heavy-heavy flavour mesons, we employ the exponential trial wave function of the hydrogenic type to generate the Schrödinger mass spectra. Within the Ritz variational scheme using the trial radial wave function we obtain the expectation values of the Hamiltonian as ( H = E(µ, ν) )
Eqn (4) gives the spin average mass of the ground state. For excited states the trial wave function is multiplied by an appropriate orthogonal polynomial function such that the excited trial wave function gets orthonormalized. So, it is straight forward to assume the trial wave function for the (n, l) state to be the form given by the hydrogenic radial wave function,
Here, µ is the variational parameter and L 2l+1 n−l−1 (µr) is Laguerre polynomial. For a chosen value of ν, the variational parameter, µ is determined for each state using the virial theorem
As the interaction potential assumed here does not contain the spin dependent part, Eqn (4) gives the spin average masses of the system in terms of the power index ν. The spin average mass for the ground state is computed for the values of ν from 0.5 to 2. We have taken the quark mass parameters m b = 4.66 GeV and m c = 1.31 GeV . The potential parameter A are fixed for each choices of ν so as to get the experimental ground state masses of cc, cb and bb mesons . The parameters and the fitted values of A for different systems are listed in Table 1 . The experimental spin average masses are computed from the experimental masses of the pseudoscalar and vector mesons using the relation,
For the nJ state, we compute the spin-average or the center of weight mass from the respective experimental values as
The fitted value of A for each case of the power index ν along with other model parameters are tabulated in Table 1 for cc, cb and bb systems. The ground state center of weight mass of 3.068 GeV , 6.320 GeV and 9.453 GeV are used to fit the A values for cc, cb and bb systems respectively. The values of A(ν) thus obtained for each case of mesonic systems are then used to predict the higher S and P -wave masses (See Tables 2-7 ). The fitted values of A for each ν in the case of the heavy-heavy flavour mesons are plotted in Fig ?? . It is interesting to note that all the three plots intersect each other at ν equal to 1.1 at the value of the parameter A around 0.151 GeV ν+1 . It can also be seen that the parametric values of A for cc and cb systems are close to each other, while in the case of bb, they are distinctly different except at ν = 1.1. It reflects the fact that potential parameter A becomes independent of the distinct energy scales of these heavy mesons at around ν = 1.1.
In the case of cc and cb systems, the values of the parameter A are numerically very close to each other in the range of potential index 0.9 to 1.3. The predicted masses are also found to be in good agreement with the existing experimental states in range of power index 0.9 to 1.3 of the potential. Fig ?? shows the behaviour of |R 1S (0)| with the potential index ν for all the three (cc, cb and bb) mesons. Like other potential model predictions of the wave functions (at the origin) of bc system lie in between those of cc and bb systems. We obtained a model independent relationship similar to the one given by [42] as
with q = 0.3. This relation provides the 1S wave function at the origin within 2% variation for the choices of the potential range 0.5 ≤ ν ≤ 2. For 2S and 3S states we find the relation hold within 5% for all values for ν studied here. It is to be noted here that such a scaling law with smaller percentage variations exist here even though the potential contains coulomb part.
Spin-Hyperfine and Spin-Orbit Splitting in Heavy-Heavy Flavour Mesons
In general, the quark-antiquark bound states are represented by n 2S+1 L J , identified with the J with L = 1 and S = 0 while J P C = 0 ++ , 1 ++ and 2 ++ correspond to L = 1 and S = 1 respectively. Accordingly, the spin-spin interaction among the constituent quarks provides the mass splitting of J = 0 −+ and 1 −− states, while the spin-orbit interaction provides the mass splitting of J P C = 0 ++ , 1 ++ and 2 ++ states. The J P C = 1 +− state with L = 1 and S = 0 represents the center of weight mass of the P -state as its spin-orbit contribution becomes zero, while the two J = 1 +− singlet and the J = 1
++ of the triplet P-states form a mixed sate. We add separately the spindependent part of the usual one gluon exchange potential (OGEP) between the quark antiquark for computing the hyperfine and spin-orbit shifting of the low-lying S-states and P -states. Accordingly, the spin-spin and spin-orbit interactions are taken as [45] Table 8 : S-Wave and P-Wave Masses (in GeV ) of cc meson The value of the radial wave function R(0) for 0 − + and 1 −− states would be different due to their spin dependent hyperfine interaction. The spin hyperfine interaction of the heavy flavour mesons are small and this can cause a small shift in the value of the wave function at the origin. Thus, many other models do not consider this contribution to their value of R(0). However, we account this correction to the value of R(0) by considering
Where (SF ) J and < ε SD > nJ is the spin factor and spin interaction energy of the meson in the nJ state, while R(0) and M SA correspond to the radial wave function at the zero separation and spin average mass respectively of the QQ system. It can be seen that Eqn(12) provides the average radial wave function given by [33] as
It is found that the computed mass increases with increase of ν. The computed results for the pseudoscalar(P ) and Vector (V ) mesons in the case of cc, cb, bb systems are tabulated in Tables  8-10 3 Decay constants (f P/V ) of the heavy flavoured mesons
The decay constants of mesons are important parameters in the study of leptonic or non-leptonic weak decay processes. The decay constants of pseudoscalar (f P ) and vector (f V ) mesons are obtained by prarameterizing the matrix elements of weak current between the corresponding mesons and the vacuum as 0|Qγ Table 10 : S-Wave and P-Wave Masses (in GeV ) of bb meson
1 S 0 0.5 9.426 9.463 9.672 9.664 9.670 9.683 9.696 9.702 9.808 9.803 9.806 9.811 9.824 0.7 9.419 9.465 9.716 9.703 9.712 9.731 9.751 9.760 9.908 9.898 9.903 9.913 9.931 0.9 9.414 9.467 9.757 9.740 9.751 9.774 9. 
where k is the meson momentum, ǫ µ and M V are the polarization vector and mass of the vector meson. In the relativistic quark model, the decay constant can be expressed through the meson wave function Φ P,V (p) in the momentum space as [14] f P,V = 12 (16) with λ P = −1 and λ V = −1/3. In the nonrelativistic limit p 2 m 2 → 0, this expression reduces to the well known relation between f P,V and the ground state wave function at the origin ψ P,V (0), the Van-Royen-Weisskopf formula [46] . Though most of the models predict the mesonic mass spectrum successfully, there are disagreements in the predictions of the pseudoscalar and vector decay constants. For example, most of the cases, the ratio f P f V was predicted to be > 1 as m P < m V and their wave function at the origin ψ P (0) ∼ ψ V (0) [47] . The ratio computed in the relativistic models [47] predicted the ratio f P f V < 1, particularly in the heavy flavours sector. The disparity of the predictions of these decay constants play decisive role in the precision measurements of the weak decay parameters. So, we re-examine the predictions of the decay constants under different potential schemes discussed in the present work. Incorporating a first order QCD correction factor , we compute them using the relation,
WhereC(α s ) is the QCD correction factor given by [48, 49 ]
Here δ P = 2 and δ V = 8/3. The computed f P and f V for cc, cb and bb systems using Eqn(17) & (18) and the predicted radial wave functions at the origin R nJ (0) of the respective mesons are tabulated in Tables 11 -13 . The decay constants without and with the QCD corrections are also listed as f P,V and f P,V (cor.) in the table. The plot of f P vs (m Q + mQ) shows (see fig 3) deviations from linearity as against the predictions of a linear scaling between the weak decay constant and the sum of quark antiquark masses justified within a renormalized light front QCD inspired model for quark antiquark bound states [51] . [14, 24, 52, 53] . This is due to the fact that its ground state energy lies below the (BD) threshold and has non vanishing flavour. This eliminates the uncertainties encountered due to strong decays and provides a clear decay width and lifetime for B + c meson, which helps to fix more precise value of the weak decay parameters such as the CKM mixing matrix elements (V cb , V cs ) and the leptonic decay constant (f p ). Adopting the spectator model for the charm-beauty system [24] , the total decay width of B + c meson can be approximated as the sum of the widths ofb-quark decay keeping c-quark as spectator, the c-quark decay withb-quark as spectator, and the annihilation channel B + c → l + ν l (cs, us), l = e, µ, τ with no interference assumed between them. [14] 503 [14] 418 ± 24 [56] Accordingly, the total width is written as [24] Γ
Neglecting the quark binding effects, we obtain for the b and c inclusive widths in the spectator approximation as [24] Γ(b → X) = 9 G Employing the computed mass of the 1 1 S 0 state (M Bc ) and f Bc values obtained from the present study, the width of the annihilation channel is computed using the expression given by [24] ,
Where C q = 3 |V cs | 2 for cs, and m q is the mass of the heaviest fermions.
The computed widths and lifetime in our CP P ν model are listed in Table 14 . Our predictions for the life time with the potential index 0.5 ν 2 lie well within the experimental error bar.
Decay rates of quarkonia
Along with the mass spectrum, successful predictions of various decay widths of heavy flavoured systems have remained as testing ground for the success of phenomenological models. Experimentally, the excited states and the leptonic, di-gamma and other hadronic decay width, of the heavy flavour mesons have been reported. However, experimentally, the pseudoscalar bb bound state η b is still elusive though experimental search for this state at the di-gamma decay channel has been initiated recently [47] .
As an attempt to improve the theoretical predictions involving the phenomenological description of the meson, using the redial wave functions and other model parameters of the different potential models we study the decay of 1 S 0 quarkonium into di-gamma and the decay of 3 S 1 into lepton pairs using the NRQCD formalism [33] . It is expected that the NRQCD formalism has all the corrective contributions for the right predictions of the decay rates. NRQCD factorization expressions for the decay rates of quarkonium and decay are given by [31] Γ(
The short distance coefficients F's and G's of the order of α 
The matrix elements that contributes to the decay rates of the S wave states into η Q → γγ and ψ → e + e − through next-to-leading order in v 2 , the vacuum-saturation approximation gives [33]
The Vacuum saturation allows the matrix elements of some four fermion operators to be expressed in terms of the regularized wave-function parameters given by [33] [19, 20] , BT [5] , PL (Martin) [6] , Log [9] , Cornell [11] ERHM [19, 20] , BT [5] , PL (Martin) [6] , Log [9] , Cornell [11] We have computed the ∇ 2 R p/v term as per ref [57] . Accordingly,
where ǫ B is the binding energy and M is the mass of the respective mesonic state. The binding energy is computed as ǫ B = M − (2m Q ). The RHS of the Eqn (45) and (46) are computed by assuming that < p 2 > 2 ≈< p 4 >. For comparison, we also compute the decay widths with the conventional V-W formula with and without the radiative corrections. Accordingly, the two photon decay width of the pseudoscalar meson is given by [22] 
Here Γ 0 is the conventional Van Royen-Weisskopf term for the 0 −+ → γγ decays [46] , where Γ R is due to the radiative corrections for this decay which is given by
and
Similarly, the leptonic decay width of the vector meson is computed as
Γ rad , the radiative correction is given by
It is obvious to note that the computations of the decay rates and the radiative correction term described here require the right description of the meson state through its radial wave function at the origin, R(0) and its mass M along with other model parameters like α s and the model quark masses. Generally, due to lack of exact solutions for colour dynamics, R P/V (0) and M are considered as free parameters of the theory [57] . However, it is appropriate to employ the phenomenological model spectroscopic parameters such as of the predicted mesonic mass and the corresponding wave function for the computations of the decay widths. In many cases of potential model predictions, the radial wave function at the origin are over estimated as for the decay rates are concerned. In such cases, it is argued that the decay of QQ occurs not at zero separation, but at some finite Q −Q radial separation. Then arbitrary scaling of the radial wave function at zero separation are done to estimate the decay rates correctly [11] . In the present computation of the decay rates using the NRQCD formalism we present our results obtained by using the radial wave function and their derivatives at zero separation (Γ N RQCD ) as well as at a finite radial separation of r o , (Γ N RQCD f rs ). We defined r o by
of the mesonic state. It is similar to the compton radius and we call it as color compton radius of the QQ systems. Here, N c = 3 and e Q is the charge of the quark in terms of the electron charge.
The computed decay widths for 0 −+ → γ γ, are presented in Table 15 
Conclusion and discussion
In this paper, we have made a comprehensive study of the heavy-heavy flavour mesonic systems in the general frame work of potential models. The potential model parameters and the masses of the charmed and beauty quark obtained from the respective quarkonia mass predictions have been employed to study their decay properties in the frame work of NRQCD formalism as well as using the conventional Van-Royen-Weisskopf nonrelativistic formula. We have also made parameter free prediction of the weak decay properties of B c meson. The weak decay constants of the pseudoscalar (f P ) and the vector meson (f V ) computed here are is found to be in accordance with the recent predictions based on relativistic Bethe-Salpeter method [56] . The departure from the predicted linear dependence of f P with the mesonic masses within the effective light-front model in the heavy flavour sector suggest the requirement of more refined mechanism related to their wavefunctions incorporating the confinement and hyperfine splitting.
Masses of the pseudoscalar and vector mesons and the values of the radial wave function at the origin for cc, cb and bb systems are computed in different potential schemes. The respective decay constants (f P , f V ) are computed with and without QCD corrections. Using the predicted masses and redial wave functions at the origin, the digamma, leptonic, light hadronic decays of quarkonia and the weak decay properties of B + c mesons are studied. For the mass predictions and for the decay rates the present results based on (CP P ν ) are found to be in accordance with other potential model predictions as well as with the experimental values.
The theoretical (CP P ν ) predictions of the decay widths for J/ψ → l + l − and Υ → l + l − as presented in Table 16 are found to be in accordance with other potential model predictions with the radiative correction as well as with the widths computed using NRQCD formalism. Though the radiative corrections are found to be important in most of the phenomenological models, the NRQCD predictions with their matrix elements computed at finite radial separation defined through the 'color compton radius' are found to be in better agreement with the experimental values for most of the cases.
It is interesting to note that the ERHM [20] predictions of the di-gamma decay widths of η c and leptonic decay widths of J/ψ and Υ are in good agreement with the respective experimental results with out any correction to the Van-Royen-Weisskopf formula.
The NRQCD width for η c → γγ predicted in the present study based on the potential model parameters of BT [5] , Log [9] , CPP ν =0.7,0.9 are close to the experimental value of 7.2±0.7±2.0 keV reported by PDG2006 [1] . However for the η b → γγ case, most of the model predictions based on NRQCD formalism are very close to similar theocratical predictions of [33] . The predictions based on V-W formula with radiative corrections are also found to be in close agreement with the prediction of [33] and [59] respectively.
The predictions of η b mass spectra, its hyperfine mass split (Υ − η b ) of 60 MeV , its decay constant f P and the digamma width etc are important for the experimental hunting of η b state.
In the case of the dileptonic width of cc state, our predictions based on the NRQCD formalism with the finite range correction for the inter quark potential index 1.5 ≤ ν ≤ 1.7 are in fair agrement with the experimental value of 5.55±0.14 keV ; while that bb system the NRQCD f rs prediction is in good agrement with value of 1.340 ± 0.018 keV for the potential index ν = 1.1. The CPP ν=0.5 predictions based on V-W with radiative correction is also found to be in good agreement with the expected values while in all other choices of ν over estimates the decay width. It indicates the importance of the computation from of the decay width at finite range of quark-antiquark separation. In the case of the leptonic decay width of Υ(1S) state, most of the models do provide the decay widths in close agreement with the expected value either using NRQCD formalism or using V-W with radiative corrections. Here, again the ERHM prediction for both J/ψ and Υ are found to be very close to the respective experimental values with the conventional V-W formula only. It is suggests the adequacy of the model parameters that provide the spectroscopy as well as the decay properties. To summarize, we find that the spectroscopy of cc system (1S to 3S) studied here are in good agreement with the respective experimental values in the potential range of 1.1 ≤ ν ≤ 1.3. However, the spectroscopic predictions with potential index ν = 1.5 for bb system are found to be in agreement with the respective experimental value. The spectroscopic predictions of the bc system in the potential range 1.1 ≤ ν ≤ 1.3 are found to be in accordance with other model predictions. In the case of the di-gamma decay widths of cc system, better agreement occurs for the potential index ν = 0.7 under the NRQCD and conventional V-W formula with radiative correction. However, the NRQCD f rs provide the experimental value of the decay width in the potential index range of 1.3 ≤ ν ≤ 1.5 only. For the bb system, better consistency in the predictions of both the leptonic and di-gamma widths are observed around the potential index 0.7 ≤ ν ≤ 1.1.
The present study of the decay rates of quarkonia clearly indicates the relative importance of QCD related corrections on the phenomenological potential models. The success of potential models in the determination of the S and P wave masses and decay rates of cc and bc and bb systems provide future scopes to study various transition rate and excited states of these mesonic systems. With the masses and wave functions of the heavy flavour mesons at hand, it would be rather simple to compute various transition rates such as E1 and M1 in these mesons. Such computations largely form the future applications of the present study. The decay rates and branching ratios of heavy flavour mesonic bound states are important ingredients in our present understanding of QCD.
The semileptonic decays offer an extremely favorable testing ground for both perturbative QCD, radiative corrections and nonperturbative QCD effects such as decay constants, form factors, and the best possible estimations of the CKM matrix elements. With the mass parameters of the beauty and the charm quark fixed from the study of its spectra, we have successfully computed the semi-leptonic decay width of B c -meson.
The partial widths obtained here within the spectator model are compared with those obtained though the Bethe-Salpeter approach [24] as well as that from a relativistic quark model [52] in Table 14 . We obtained a higher branching ratio in the b-decay channel compared to other approaches as seen from in Table 14 . We get about 64% as the branching fractions of b-quark decay, about 33% as that of c-quark decay and about 3% in the annihilation channel. However, the CKM mixing matrix elements V cb and V cs used as free parameters in all the three models are different but lie within the range given in particle data group [2] . The lifetime of B + c predicted by the present calculation is found to be in good agreement with the experimental values as well as that by the Bethe Salpeter method [24] . The predicted values from relativistic model [52] is found to be far from the experimental values as well as other theoretical models. Another aspect of the present study is that the decay of QQ system occurs at a finite range of its seperation provided by the color compton radius. This enable us to understand at least qualitatively the importance of various processes that occur at different radial seperation.
In conclusion, we have studied the importance of the spectroscopic parameters of different potential models in the predictions of the low-lying states of cc, cb and bb systems as well as their decay properties in the frame work of NRQCD formalism.
